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In this paper, we investigate special Smarandache curves with regard to 
Sabban frame for Mannheim partner curve spherical indicatrix. We created 
Sabban frame belonging to this curves. It was explained Smarandache curves 
position vector is consisted by Sabban vectors belonging to this curves. Then, 
we calculated geodesic curvatures of this Smarandache curves. Found results 


were expressed depending on the Mannheim curve. 
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1. Introduction 


In differential geometry, special curves have an important role. One of these curves Mannheim 
curves. Mannheim curve was firstly defined by A. Mannheim in 1878. Any curve can be a Mannheim 


curve if and only if 2 = A is anonzere constant, where curvature of curve is « and curvature 


K+?” 
of torsion is t . After a time, Mannheim curve was redefined by Liu and Wang. According to this new 
definition, when first curves principal normal vector and second curves binormal vector are linearly 
dependent, first curve was named as Mannheim curve, and second curve was named as Mannheim 
partner curve [8]. We can found many studies in literature related to Mannheim curves [4, 9]. A regular 
curve in Minkowski space-time, whose position vector is composed by Frenet frame vectors regular 
curve is called a Smarandache curve [15]. Special Smarandache curves have been studied by some 


authors [1, 2, 5, 10, 11]. K. Taşköprü, M. Tosun studied special Smarandache curves according to 
Sabban frame on S° [14]. S. Şenyurt and A. Çalışkan investigated special Smarandache curves in terms 
of Sabban frame of spherical indicatrix curves and they gave some characterization of Smarandache 
curves [3]. We investigated special Smarandache curves belonging to Sabban frame drawn on the 
surface of the sphere by Darboux vector of involute and Bertrand partner curves [12, 13]. Let 
æ: I — E? bea unit speed curve, we defined the quantities of the Frenet frame and Frenet formulae, 
respectively [7], 











T(s)=a'(s), N(s) = a , B(s)=T(s) ^ N(s), (1.1) 
le” (s) 
T'(s)=k(s)N(s), N'(s) = —K(s)T(s)+7(s)B(s), B'(s) = —t(s)N(s). (1.2) 


Let a@,@ be Mannheim pair curve and Frenet apparatus {T(s),N(s),B(s),«(s),t(s)} and 


{T° (s), N* (s), B’(s),« (s),7 (s)} are respectively. The relation between the Frenet apparatus are as 
follows, [9], 

* . * . * * KO’ * 
T =cosOT -sin B, N” =sin 0T +cos 0B, B =N, K 


= at (1.3) 
Arw] AT 


Let y:I >S ? be a unit speed spherical curve. We denote s as the arc-length parameter of y . Let us 
denote by 

YCS) =7(5), (s)=7'(s), d(s)=(s)At(s) 1.4) 
{y(s),t(s),d(s)} frame is called the Sabban frame of y on S*. Then we have the following 
spherical Frenet formulae of y 

y'(s)=t(s), t(s)=—-y(s)+K,(s)d(s), d"(s)=—K, (s)t(s) 
where x, is called the geodesic curvature of the curve y on S * which is 


x, (s) =(t'(s),d(s)). (1.6) 


(1.5) 


2. Main Results 

In this section, we investigated special Smarandache curves such as created by Sabban frame, 
sary a a ay AT, = (NT a ,N* aa } and {B*,T n , B* AT }. We will find some results. These 
results will be expressed depending on the Mannheim curve. Let’s find results on this Smarandache 


curves. @ (s ,)=T*(s*), œ (s ,)=N*(s*) and æ (s _,)=B'(s‘) be a regular spherical 
TE NE N. gr B 


curves on S° The Sabban frames of spherical indicatrix belonging to Mannheim partner curve are as 
follows: 


PETIT =N TAE eB (2.1) 
N*=N*, T „ = —COs ~@T +sing’B’, N* AT, =sin oT” +cos¢'B’, (2.2) 
B’=B", T,=-N", BAT, =T". (2.3) 


From the equation (1.5), the spherical Frenet formulae of (T*), (N*) and (B*) are, respectively, 
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F bik ee i E 
B'=T „T ,'=-B +— B'AT (B'AT yY =- T ,. (2.6) 
B B T B B T B 
Using the equation (1.6) the geodesic curvatures of (T*), (N*) and (B*) are, 
A =, -ande =£, (2.7) 
K [w T 
Definition 2.1. Let (T*) curve be of a“, T* and T be unit vector of (T*). In this case £} - 
Smarandache curve can be defined by 
1 
A(s) =-= T" +T ,). (2.8) 
1 J2 T 


Theorem 2.1. The pa geodesic curvature belonging to J, -Smarandache curve of the Mannheim 


: B 1 
curve is kK, = 


dI Ai + w] A+ 2A3), where 
0' 0' 





Was 
2 2 
+(e) 





= Ww Wi Ww = Ww wW Wi W 
small Ah, zoe he 
2 wi. Wl Wi, 
=A DEE D) OF m). 
Proof:. £, (s+) = i (T*+ Ta) and from the equation (2.1), we can write 


1 
(s*) = — (T* +N’). 
B, a) 
Differentiating (2.9), T (s*) is 
1 


T“ 
J2 -)? 
K 


Considering the equations (2.9) and (2.10), with ease seen that 


T; (s*) = GEEN +B’). 
J K 





: CNR T 


(B, AT; \(s*) = F: * 
Try K K 
K“ 


Differentiating (2.10) equation, Ta’ vector is 


ToS R SAN AR, 


2+" 
K 
where coefficients are 


A, = 
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From the equation (1.6), (2.11) and (2.12), Kil geodesic curvature of B (s*) is 





EnS 2 : Tari a - A, +24). 
(245) = 


wn 


(2.9) 


(2.10) 


(2.11) 


(2.12) 


(2.13) 


(2.14) 


Substituting the es (1.3) into equation (2.9), (2.10), (2.11) and (2.12), Sabban apparatus of the 


Pi -Smarandache curve for Mannheim curve are 


B(sS)= i ((sin@+cos@)T + (cos@—sin@)B), 








_ (sind - cos 8) z ||| , FcosP+sin) p 
JWI +207 "we wr Jw +20” 
|W (cos 0 + sin 8) 20' ny, Wllcoso— sind) p 





(B, AT, Xs) = 
a Jow +46” “Baws? 2 | wl? +46” 








= (0')' J2(A, cos 0 + Ax sin 0) T+ (ON \2As N4 (ON N2 (A2 cos 0-A sin 0) 


T; ($) 
as (WI +20") (wir +20)? (wif +207) 


and Kit geodesic curvature is 
1 w 
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Ai + wI Ar + 213). 


Definition 2.2. Let (T*) curve be of a’, Ta and T* ATs be unit vector of (T*). In this case B, - 


Smarandache curve can be defined by 

















1 * 

p(s) = pir +T AT a). (2.15) 
Theorem 2.2. The Ke? geodesic curvature belonging to p, -Smarandache curve of the Mannheim 
curveis K? = : a (2 w| E1 — £2 +83), where 

i whi 8 ' 
(d+ A Y j 
w Ww Wi Ww -— wW Ww Ww 
d ml Ws sadly, zaia ol dey 
Ww Ww Ww 
Wh atly y 
TZ 
Proof: From the equations (1.3), (2.1) and (2.15), we can write 
BAs)= sy (in or + N+cos@B). 
Herein, if Sabban apparatus calculate 
z cosĝ— Wsind [w] es O' sin 0 — [W cose y 








J2\wI +0” bwp +0” J2|wI +9” 
(0’) ey (0’) ure) ©) x2 * /2(€2cos 0 - é1sin@) 
adw +87) ew +e°y ewi +y 
2||W||cos 0 -0'sind O'sin@ z, a 6 yn ZIM E 


(B, AT), (3) = a 
ee wp Twf - dawp +207 
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K,? geodesic curvature is 
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Definition 2.3. Let (T" : curve be of a’, T*, Ta and T* AT_, be unit vector of (T*). In this case 


P; -Smarandache curve can be defined by 


BOST 47, +T AT): 0.16 


Theorem 2.3 The Ke geodesic curvature belonging to p, -Smarandache curve of the Mannheim 







































































curve is K? = : 2 Sha 2 +( A o), where 
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Proof: From the equations rn and ee we can write 
B;(s) = (sind + cos yr +N+(cos@—sin@)B). 
Then if Sabban apparatus calculate 
0' cos 0 —(||W||—4')sin 8 || 6’ sin 8 + (||W||— 4’) cos 8 
T, (8) = > 3 T+ : - N ; ; B, 
VWE - |W e+a") yw -w+ (wf -we 
T,\(s)= OBO sind+9, cos 0) z, (ON 39, 
i adw -wle +0 adw -wo +e")? 
ie (OBO cos 0 — Q, sin 6) 
adw -wo +0) 
(BAT, Xs) = (2||W||- 0’) cosO—(|W]]+0 sind. za —|w| 
-6wa +60” olw -6wa +60” 
(2||W||— 6’) sin 8 + (|W||+ 4’) cos 5 
6w -6lw]o +60 ` 
F geodesic curvature is 
1 Ww — IWI — 
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Definition 2.4. Let (N*) curve be of a*, N* and T a be unit vector of (N*) . In this case p,- 


Smarandache curve can be defined by 








eee 
p= gn +T s): (2.17) 
Theorem 2.4. The is geodesic curvature belonging to 3, -Smarandache curve of the Mannheim 
1 = S = Ww 
curve is Ke = 3 (Xi -0X +2%), where 7=( l | - ; = csc@ and 
(2+7)? (o +w] 


padanan ea en e A ez aei an, 


Proof: From the equations (1.3), (2.2) and (2.17), we can say 


pie IMI 8 sore 0” +w]? sino- 0'cos0 7, Wi- iw] i eee wu a C050 P 


If Sabban apparatus calculate 
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B ; . 
x,* geodesic curvature is 


2 1 A RS 
K, = z (%1 70X2 +2%3). 


2+7)? 
Definition 2.5. Let (N*) curve be of a’, Ti and N* ^ T + be unit vector of (N°). In this case ß; 





-Smarandache curve can be defined by 





1 $ 
Theorem 2.5. The Ke geodesic curvature belonging to p; -Smarandache curve of the Mannheim 
1 ee ee 
curve is Ke = = (2761-62 +63), where 
(2+7°)? 


i = +2 +2n'n, 62=-1-37?-2n*-7', 63 = -n? -2n* +y 


Proof: From the equations (1.3),(2.2) and (2.18), we can write 





(WIA). cos. (0'— 
20° +2\|w|| 20° +2\|w|| 20° + 2w]? 





wip sin 0 A 





p(s) = 


Here, if Sabban apparatus calculate 
ae n(\W||+9')cos0—,||W| +0” ind me -wp 
i Jra dwp +6" drar dwp +6" 
W|+0sin0+,/|WI +0? coso 
on [+8)sin 8 + |W] +6" cos i 
Jl+2n? JWP +0? 
7,(s)= (6: |W]|- 82042 cos +8: 42W]? +26” sind (630' +52 |W|pv2 N 
i (14277) 40° +W a+27° 40° +w) 
F (820' -83 |W) V2 sind + 81 4/2|W|? +20” cos8 : 
a+27 0 +w i 
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2n iwl +” cos —(\W||+4’) sind 
P n | | + cos (| |+ )sin B, 
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1 E ses 
Ke = = (2701-62 +03). 
2+) 


B. . : 
x,’ geodesic curvature is 





Definition 2.6 Let (N*) curve be of a’, N”, T o and N* ^ T be unit vector of (N°). In this 
case p; -Smarandache curve can be defined by 
1 
A(s)=— 
eS B3 


Theorem 2.6 The Kis geodesic curvature belonging to p, -Smarandache curve of the Mannheim 


(N°+T ,+N° AT ,). (2.19) 


a _ (2n-l)p,-(+n)p,+(2-n)p, 

curve 1s K, = 5 
421-0 +0)? 

p, =-2+4n -40° +20 +2n'Qn-1), p, =-2+2n—4n? +20 -2n* -n'(1+7), 


p; =2) -4 +4 —2n* +'(2-7). 


, where 











Proof: From the equations (1.3), (2.2) and (2.19), we can write 
(|W||- 0") cos +./0" +W]? sind 6'+\W 
po- PMOs Jr sbi sind, esi y 
36” +3) 36” +3) 
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+m Dd. 


30" +3|Ww 


Herein, if Sabban apparatus calculate 
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K“ geodesic curvature is 
„A - 2N-1)p, -0+0 +2-0)P, 
3 ; 
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Definition 2.7. Let (B*) curve be of a’, T and B* AT,, be unit vector of (B*) . In this case p; - 


Smarandache curve can be defined by 
1 








B(s) = J (T +T* A T ). (2.20) 
Theorem 2.7. The x°” geodesic curvature belonging to P, -Smarandache curve of the Mannheim 
curve is K” = - zQ i W,-W,+W;), where 

(1+ Awp” 

v= Ga + GaP 2 T y,=-1 ep” T TT 

= 0’ 0’ 0 

= Gap a * wp” 


Proof: From the equations (1.3), (2.3) and (2.20), we can write 


B,(s) = J (SNOT + N — cose), 


If Sabban apparatus calculate 
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Definition 2.8. Let (B*) curve be of a’, B*, T and B* ^ T be unit vector of (B*) . In this case 


@ F 203). 





P; -Smarandache curve can be defined by 
Le Bee x 
B(s) = BY +T +B AT (2.21) 
Theorem 2.8. The Kis geodesic curvature belonging to p, -Smarandache curve of the Mannheim 
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Proof: From the equations (1.3), (2.3) and (2.21), we can write 


f(s) = g ((c0s- sin9)T + N —(cos@+sin@)B). 











Here if Sabban apparatus calculate 


_ O'cosO+ (O'—||W]) sind wI We O'sin 0 —(8'—|W).cos@ 5 
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3. Conclusion 


In this study, we studied Mannheim Partner Curves and Smarandache curves, which are 
well known in Differential Geometry. The Sabban frames of the differential curves drawn by 
the Frenet vectors of the Mannheim Partner Curve on the unit sphere surface were calculated. 
Then Smarandache curves were defined with the help of these frames. Finally, geodesic 
curvatures of these curves were calculated according to Sabban frames. 
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